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Abstract: Understanding the implications of SL{2,7j) S-duality for the hypermulti- 
plet moduh space of type II string theories has led to much progress recently in un- 
covering D-instanton contributions. In this work, we suggest that the extended duality 
group SL{3,Z), which includes both S-duality and Ehlers symmetry, may determine 
the contributions of D5 and NS5-branes. We support this claim by automorphizing the 
perturbative corrections to the "extended universal hypermultiplet" , a five-dimensional 
universal SO{3)\SL{3,'R) subspace which includes the string coupling, overall volume, 
Ramond zero-form and six-form and NS axion. Using the non-Abelian Fourier expan- 
sion of the Eisenstein series attached to the principal series of S'L(3,M), first worked 
out by Vinogradov and Takhtajan 30 years ago [^, we extract the contributions of 
D(-l)-D5 and NS5-brane instantons, corresponding to the Abelian and non-Abelian 
coefficients, respectively. In particular, the contributions of k NS5-branes can be sum- 
marized into a vector of wave functions \E'fc/, £ = ... — 1, as expected on general 
grounds. We also point out that for more general models with a symmetric moduli space 
K\G, the minimal theta series of G generates an infinite series of exponential correc- 
tions of the form required for "small" D(-1)-D1-D3-D5-NS5 instanton bound states. As 
a mathematical spin-off, we make contact with earlier results in the literature about the 
spherical vectors for the principal series of 5'L(3,M) and for minimal representations. 
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1. Introduction 

Understanding quantum corrections to hypermultiplet moduli spaces in type II Calabi- 
Yau compactifications is a long and out-standing problem. One of the main challenges is 
to include the contributions from NS5-brane instantons which give rise to exponentially 
suppressed corrections to the moduli space metric of order e~^l^i in the weak-coupling 
limit. In this work we propose that these NS5-brane instanton effects can be summed 
up in terms of a certain 5*^(3, Z)-invariant Eisenstein series. To motivate this pro- 
posal, we begin by discussing some relevant aspects of hypermultiplet moduli spaces in 
type II Calabi-Yau compactifications, with particular emphasis on generalized mirror 
symmetry and dualities. 

1.1 Generalized mirror symmetry and quaternionic-Kahler geometry 

Type II string theory and M-theory canonically associate two quaternionic-Kahler (QK) 
spaces to any Calabi-Yau (CY) threefold X 

Mc{X) X Mk{X) , (1.1) 

of real dimension 4/1 + 4 where h = h^''^{X) and h = h^'^{X), respectively. Both of 
these spaces = A4c,k{^) have a foliation by hypersurfaces (p = const, such that 
near cj) = +oo, M. is topologically a fibration 

f^M^^4,xK,, (1.2) 

where the 2/1 + 3 dimensional fiber T is a circle bundle over a,2h + 2-dimensional torus 
T, and /C = 1Cc,k is the moduli space of complex structures (respectively, complex- 
ified Kahler structures) on X. Given any special Kahler metric on /C, the "c-map" 
construction 0, or rather its "quantum corrected version" studied in 0, |^, produces 
a quaternionic-Kahler metric on this fiber bundle, which agrees with the metric on }A 
in the "weak coupling" limit — > +oo, up to exponentially suppressed corrections of 
order exp(— (9(e''^/^)) and smaller. An outstanding question is to compute these cor- 
rections, which should encode interesting symplectic (resp. algebraic) invariants of X, 
and provide valuable information about the spectrum of type II string theories on X. 

Indeed, the quaternionic-Kahler spaces M.c,k{X., Y) and associated special Kahler 
spaces lCc,K appear as the moduli spaces of type IIA and type IIB string theories 
compactified on X and X x (respectively on Y and Y x S^) as summarized in the 
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table below |[T|]: 





IIA/X 


IIB/Y 




1Ck{X) X Mc{X) 

i II 
Mk{X) X Mc{X) 


]Cc{Y) X A^^(F) 

i II 
MciY) X 



This table calls for several important comments: 

i) The vertical arrows indicate the c-map relating the vector multiplet (VM) moduli 
space K, m D = A uncompact dimensions to the VM moduli space M. m. D = ?>. 
In this case, the coordinate (f) and the twisted torus T in ( |1.2|) correspond to the 
radius e*^/^ = R/lp of the circle in 4D Planck units, the Wilson lines C,^^ C\ of the 
electric and magnetic vector fields in D = 4 along S^, and the NUT scalar a dual 
to the off-diagonal metric component 0. The circle T/T = Si parameterized by 
a has first Chern class Ci = A d^A + X^K., where u!;c is the Kahler class of /C 
and X = Xx is the Euler number of X in type IIA, or x = —xy in type IIB 0. 

ii) The vertical equal signs indicate that the hypermultiplet (HM) moduli space 
is identical in 3 and 4 dimensions; as a matter of fact, on the type IIA side 
Aic{X) is also the HM moduli space in M-theory on M^'^ x X, since the radius 
of the M-theory circle is a vector multiplet. The coordinate and the twisted 
torus T in ( |1.2| ) now correspond to the four- dimensional string coupling e"*^/^, the 
Wilson lines of the Ramond-Ramond (RR) gauge fields on H^{X^ Z) (respectively 
-f^even(^5 and the Neveu-Schwarz (NS) axion. 

iii) T-duality along the circle maps IIA/X x to IIB on the same CY three- fold 
Y = X times and exchanges the VM and HM moduli spaces in D = 3 (in 
particular the radius R/lp is mapped to the string coupling e"^/^). This justifies 
the use of the same notation Aic,K{') on the IIA and IIB sides. 

iv) Mirror symmetry identifies IIA /XxS^ to IIB /XxS^ where F = X is the mirror 
CY three-fold to X (in particular h^'^{X) = /i^'^(F), Xx = -Xy)- At the level of 
the (2,2) SCFT it amounts to the well-supported identity }Cc{X) = }Ck{X), but 
at the "second quantized" level it requires the more far-reaching identity 

Mc{X) = Mk{X) , Mk{X) = Mc{X) (1.3) 



- 3 - 



v) The c-map construction mentioned above is accurate only in the hmit — > +00, 
which corresponds to large radius on the VM side, or small coupling on the HM 
side, e"'^*^^'^''^^ corrections away from this limit on the HM side correspond to 
D-brane instantons already in D=4 [^], while on the VM side they correspond to 
Euclidean black holes in x S^, whose worldline winds around the circle. In 
either case, D-instantons correspond mathematically to elements of the derived 
category 'D{X) of coherent sheaves for Aixi^), or elements in the derived Fukaya 
category J-'(Y) of SLAG submanifolds for A4c(Y) (see e.g. |^ for an introduction 
to these concepts). Thus, the equality (|1.3|) encompasses the homological mirror 
symmetry conjecture 0. 

vi) In addition to the e~'^^^'''^'^^ D-instanton corrections mentioned in v), one also 
expects e"'^'^^'^-' corrections, corresponding to Euclidean NS5-brane wrapped on 
X on the HM side, or to Kaluza-Klein (KK) monopoles (equivalently, Taub- 
NUT gravitational instantons) with non-zero NUT charge along the circle. These 
effects are predicted by the presumed growth of the D-instanton series , but the 
mathematical structure underlying them is far from clear at the moment. They 
are the main subject of this note. 

vii) Since IIA/X x = M/X x T^, the VM moduh space Mk{X) must^ possess 
an isometric action of the modular group SL{2,Z) of the torus T^. Equivalently, 
S-duality of IIB string theory in 10 dimensions implies that AixiY) must have 
an (identical) isometric action of the modular group S'L(2,Z). 

This last observation has been instrumental in the recent progress in understand- 



ing Mk{X) |jTO|, |TT|, |T|, |T4[ ITSf: while the metric on Mk{Y) in the limit of weak 
coupling and large volume has a continuous isometric action of S'L(2,M) ^ 
this isometric action is broken by the usual worldsheet instanton corrections to }Ck{Y) 
and by a "universal" one-loop correction |T^, ^ |T^ proportional to Xy- By restoring 
invariance under a discrete subgroup SL{2,Z), it is possible to determine the correc- 
tions to the QK metric on AixiY) due to D(-l) and D-1 instantons, i.e. to coherent 
sheaves with support on rational curves in Y |10|. Not surprisingly, these corrections 
are controlled by the same BPS invariants which determine the tree-level worldsheet in- 
stanton corrections. By mirror symmetry, these D(-1)-D1 instantons map to D2-brane 
instantons wrapping SLAG submanifolds 7 in X whose homology class lies in a cer- 
tain Lagrangian subspace of H^{X, Z) determined by the large complex structure limit. 



^Here, we restrict to cases where, unlike the situation in 5L(2,Z) electric-magnetic duality is 
not broken to a finite index subgroup by quantum corrections. We are grateful to N. Halmagyi for 
emphasizing this issue. 
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Using symplectic invariance, the effects of D2-branes wrapping any homology class in 
H^{X,'L) were found in [|^, |1^, to linear order in perturbation around the weak cou- 



pling metric; by mirror symmetry this gives the instanton corrections to M-k^X) from 
arbitrary D5-D3-D1-D(-1) instantons (or from D6-D4-D2-D0 black holes to Mk{X)), 
or mathematically from any element of the derived category "DiY) (respectively, P(X)). 
A key device in computing instanton corrections to the QK metric on = M.x{X) 



is the Lebrun-Salamon theorem [|1^, [2^, which relates the QK metric on M. to the 



complex contact structure on its twistor space Z. As a consequence, the deformed 
geometry can be encoded in terms of complex contact transformations between locally 
flat Darboux patches (which play a similar role as the holomorphic prepotential for 
special Kahler spaces). The deformed metric can be obtained from the complex coor- 
dinates on also known as contact twistor lines, and from a complex valued (but non 
holomorphic) section e**^^^'^-* of Hq^AA^ (9(— 2)), known as the contact potential, which 
determines the Kahler potential on Z. 

Using these twistorial techniques, the QK metric on AA^iY) including quantum 
corrections from all D-instantons was obtained to linear order in [^, |T3|. It involves 
invariants n^, presumed to be equal to the generalized Donaldson-Thomas invariants 
introduced in ||22|, An essentially identical structure has emerged in the study 
of instanton corrections to the (hyperkahler) moduli space of A/" = 2 Seiberg-Witten 
theories on M^'^ x in [|^, and in fact directly inspired the construction in |jl4 . 



These developments have left out the outstanding problem of computing the sub- 
leading e"'^*-'^'^-' corrections to M.c,k from NS5-brane instantons wrapped on X (or 
equivalently from KK-monopoles with non-zero NUT charge on 5*^). While the SL{2, Z) 
symmetry which proved so powerful in determining the D-instanton corrections could in 
principle be used to convert the D5-instanton corrections into NS5-branes (or D6-branes 
into KK-monopoles), it is not immediately clear how to covariantize these contributions 



under the complicated SL{2,Z) action found in |]14 



1.2 Uncovering SL{3,Z), and the extended universal hyper mult iplet 

In this note, we employ a different strategy, and investigate how invariance under a 
larger discrete group, 5^(3, Z), may constrain the NS5-brane contributions. This dis- 
crete symmetry is most easily seen in M-theory T^xX: indeed, after reduction 
on a torus T'^ of any dimension d and dualization of the Kaluza-Klein connection into 
scalars, the Einstein-Hilbert Lagrangian in D = d+3 dimensions leads to a SL{d+l, M) 
invariant non-linear sigma model in D = 3 dimensions: this SL{d + 1,M) symmetry 
includes the manifest SL[d, M) symmetry from diffeomorphism invariance on T'^, and a 



multiplet of d (non-commuting) 5'L(2,M) Ehlers symmetries p5| apparent in the two- 



step reduction D = d + 3^D = 4:^D = 3. The discrete subgroup SL{d,Z) of 
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global diffeomorphisms of the torus should clearly remain a symmetry of the quantum 
theory, but it is reasonable to assume that a larger discrete subgroup SL{d + 1,Z) is 
in fact unbroken quantum mechanically^. In the case at hand with ci = 2, we postulate 
that quantum corrections preserve a S'L(3,Z) subgroup of ^^(SjIR), larger than the 
SL{2,'L) S-duality warranted by diffeomorphism invariance. 

At this stage we should warn the reader against a possible confusion with another 
5*17(3, Z) symmetry expected by duality to the heterotic x E^t, on M}''^ x x K?)-. 
indeed, when (and only when) X admits a K3-fibration with a section, heterotic-type 
II duality |^ predicts that 

M{K2) = MciX) , MiT^) = MxiX) , (1.4) 

where Ai{K3) parametrizes the Ricci-flat metric and Eg x Eg bundle on K3, while 
Ai{T^) parametrizes the flat metric and Eg x Eg bundle on and the scalars dual to 
the Kaluza-Klein connections and the U{iy^ Abelian gauge fields in three dimensions. 
Just as on the M-theory side, Ai{T^) has an obvious S'L(3,Z) symmetry, enhanced to 
SL{4, Z) by Ehlers-type transformations. The M-theory SL{3, Z) action on Aixi^) is 
part of the heterotic SL{A, Z) action on Ai{T^), but intersects the geometric SL{3, Z) 
action only along the SL{2, Z) S-duality subgroup. 

Before discussing how a discrete SL{3, Z) symmetry can be preserved by quantum 
corrections, we must understand how the continuous symmetry group 5/7(3, M) acts on 
the weak coupling, large volume limit of M.k{X). We shall argue that in this limit, 
the moduli space M.k{X) decomposes clS cl product 

Mk{X) ~ ^-^^ X 7^,.(X) X M^^mW (1.5) 

where TZk{X) is a space of real dimension hi i{X) — 1, which appears as the VM moduli 
space in M-theory on M^'-*^ x X. 5*^(3, M) acts on the first factor in ( |1.5| ) by the usual 
non-linear action, leaves the second factor inert and acts linearly on (]R3)®/!.i,i{^)_ 

In particular, we claim that the hypermultiplet moduli space M.k{X) in type IIB 
string theory compactified on Y admits a universal sector M.u = S'0(3)\S'L(3, M), 
of real dimension 5, which consists of the ten-dimensional axio-dilaton r, the overall 
volume V = oiY m string units, the Wilson line Cq of the RR six-form potential on Y , 
and the four- dimensional NS axion ip. Despite the fact that this universal sector does 



^The fact that the discrete Ehlers symmetry is unbroken quantum mechanically in M-thcory on 
oi,2 ^ follows by intertwining the geometric SL{8, Z) and T-duality SO{7, 7, Z) symmetries, see e.g. 



26 
27 



; in the heterotic string on T^, Ehlers symmetry is related to S-duality by a sequence of T-dualities 
. We are not aware of a similar derivation in the JV = 2 setting. 
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not carry any QK metric, we refer to it as the "extended universal hypermultiplet" , to 



distinguish it from the "universal hypermultiplet" ||29|, ^ ^ |3T|, which has 

real dimension 4 and carries, at tree-level, a SU{2, 1) invariant QK metric. The latter 
is universal in the sense that it appears as a subfactor in any "c-map" construction 0. 
However, it is unclear whether a finite covolume discrete subgroup of SU{2, 1) should 
stay unbroken in general. However, see |33] for a discussion of this possibility when X 



is a rigid CY threefold. 

Finally, let us mention that our identification of S'L(3,Z) as the unbroken discrete 
subgroup of 5'L(3,M) is tentative: it is quite possible that only a finite index subgroup 
of S'L(3,Z) may be unbroken, as it happens with S'L(2,Z) electric-magnetic duality 
on the vector multiplet side. It is rather easy to adapt our considerations to this case, 
and it may in fact be the key to resolve a shortcoming of our proposal to be discussed 
presently. 

1.3 Summing up NS5-brane instantons 

Having postulated that SL{3, Z) is preserved a the quantum level, we shall demonstrate 
that this symmetry potentially determines a subset of the NS5-brane corrections, once 
the tree-level worldsheet instantons and the one-loop correction are given. The adverb 
"potentially" is in order since our specific proposal (|3.24| ) leads to unexpected terms 
which blow up at weak coupling (see p.33| ) below). Our approach is very close in spirit 
to the one taken in [^, where the 5'L(3, Z) U-duality symmetry of type II string on 
]^7,i ^ rp2 used to determine the contributions of {p, q) strings to couplings in the 
effective action. Technically, however, we require the more sophisticated automorphic 



forms of S'L(3,Z) constructed in |36] in the context of BPS membranes. 

As mentioned above, quantum corrections to the QK moduli space M-xiX) are 
conveniently encoded in complex coordinates on its twistor space together with the 
contact potential e**^^^'^-*. Taking the conjectured S'L(3, Z)-invariance at face value, 
we shall propose a non-perturbative completion of the contact potential ^'^i^^ ^^i^^)) 
restricted to a certain section z{x^) of in terms of a certain non-holomorphic Eisen- 
stein series E{g; si, S2) attached to the principal continuous series of SL{?), M). Relying 
on the thirty- year old analysis of this Eisenstein series by Vinogradov and Takhtajan 
[^ , we show that for the special values (si,S2) = (3/2,-3/2) the Fourier expansion 
of E{g; si, S2) reproduces the correct universal^ tree-level and one-loop corrections to 
the hypermultiplet metric. Moreover, the non-Abelian Fourier expansion of E{g; si, S2) 
predicts an infinite series of exponentially suppressed contributions at weak coupling, 
of two distinct types: 

•^i.e., depending only on the generalized universal hypermultiplet moduli, and on the Euler number 

of y. 
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i) the Abelian contributions, of order e~^^''' where Sp^q is independent of the NS- 
axion, given in ( p.57|) below, can be interpreted as contributions from bound 
states of p D5 and q D(— l)-instantons. In particular, the instanton action 5*^^^ 
correctly reproduces the mass formula for D0-D6 branes on the type IIA side 
p7| , |38| , [39[] . Via the c-map, the summation measure ( |3.58| ) should be related to 
the D0-D6 bound state degeneracies predicted by the Mac Mahon function pn|, 
but checking this lies beyond the scope of this work. 



ii) the non-Abelian contributions, of order e '^^.p '-- given in ( p.67| ) below, have a 



non-trivial dependence on the NS-axion and can be interpreted as instanton 
corrections from bound states of Q D(-l)-instantons and (p, k) 5-branes. Their ac- 
tion (|3.67|) follows from the D5-D(-l) action ( |3.57|) by S-duality, after subtracting 



a moduli independent contribution q-'^'^^i''-^/^ in ( |3.62|) . The latter is responsible 
for the apparent divergence of ( |3.67| ) at A; = 0. The summation measure ( |3.69| ) is 
obtained from ( |3.58| ) by replacing p ^ d, q ^ Q / (f where d = gcd(p, k) and mul- 
tiplying by the phase e^'^''^"/*^'^'^). In representation theoretic terms, as explained 
in Appendix D, this provides the exact real and adelic spherical vectors for the 
principal continuous series of S'L(3,]R) beyond the semi-classical limit obtained 



m 



A general property of the non-Abelian Fourier coefficients, and therefore of the NS5- 
brane instantons, is that they satisfy a wave function property: namely, the non-Abelian 



Fourier expansion can be carried out for different choices of polarization, e.g. (|3.36| ) or 
( |3.39| ), and the corresponding summands "ifk/ and ^k/' are related by Fourier transform, 
Eq. ( |3.4(J| ) below. It is tempting to conjecture that the wave function \l/i^o describing the 
contribution of one NS5-brane is related to the topological string amplitude, possibly 
along the lines of |2|. 

While our main emphasis is on the universal sector, we also speculate on the 
SL{3, Z)-invariant completion of the "non-universal" contributions, which include D3 
and Dl-instantons, and suggest that in the context of "magic" supergravity models 
with a symmetric hypermultiplet moduli space ( p.25|) the minimal theta series associ- 
ated to QConf(J, Z) may resum the contributions of "very small instantons", i.e. those 
whose charges satisfy I4 = dl^ = d^I^ = 0, where I4 is the quartic invariant for the du- 
ality group Conf(J). In particular, ( ^.72| ) should provide the general action for bound 
states of {p, k)-5 branes, N"- D3-branes, Na Dl-branes and Q D-instantons, at least 
when the Dl and D(-l) instanton charges are induced from the D3 brane charge via 
(|3.73|) . Thus, we for the first time provide a physical interpretation of the spherical 
vector fx for the minimal representation of any quasiconformal group QConf(J, Z), 
which has been known for simply laced groups in the split real form since [H5|. From 
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this point of view, the puzzhng cubic phase appearing in fx simply originates from the 
D-instanton axionic couphng by an S'L(2,Z) transformation, after subtracting out a 
moduh-independent contribution as in ii) above. 

We now mention some hmitations of our proposal. Firstly, in order to obtained 
the deformed QK metric the contact potential e*'-^'''^-' should be supplemented by the 
twistor lines. It would be very interesting to understand how to incorporate SL{3, Z)- 
invariance in this context^. In addition, our proposal predicts puzzling perturbative 
contributions beyond the expected tree-level and one-loop terms, which grow like neg- 
ative genus contributions or diverge faster than linearly at large volume. It is con- 
ceivable that these terms could be avoided by postulating invariance under a finite 
index subgroup of SL{3, Z), or may be attributed to hitherto unknown physical effects. 
Moreover, our proposal for the SL{3, Z)-invariant completion of non-universal effects 
is tentative only, and would require a better understanding of the SL{3,'R) action on 
the non-universal sector of the hypermultiplet moduli space. 

1.4 Outline 

The rest of this article is organized as follows. In Section |^, we discuss the geome- 
try of the extended universal hypermultiplet, and work out the decomposition ( [L.5|) 
in the one-modulus case. In Section 3, we review how the S'L(2,Z) symmetry of the 
HM moduli space Aixi^) can be restored after including suitable D(-l) and Dl- 
instanton contributions, and show how S'L(3,Z) may similarly be restored by includ- 
ing NS5-brane contributions (together with D5 and D(-l)-instantons). Moreover, we 
identify the NS5-brane contributions as certain non-Abelian Fourier coefficients of the 
corresponding automorphic form, and comment on their wave function property. In 
Appendix A we collect some results on the constant terms of minimal and generalized 
Eisenstein series with respect to certain parabolic subgroups. In Appendix B we give 
a detailed derivation of the non-Abelian Fourier expansion of the minimal Eisenstein 
series for SL{3,Z). In Appendix C a certain key integral is computed in the saddle 
point approximation. Finally, in Appendix D, we give a representation theoretic view- 
point on non-Abelian Fourier expansions, and extract the exact spherical vector for the 
principal series of SL{3,'R). 



*The SL{2,'Z) action on the instanton-corrected twistor lines has recently been clarified, and is in 
fact identical to the tree-level action after suitable field redefinitions lEsl. 
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2. The extended universal hypermultiplet 



In this section, we show that the symmetric space = SO{3)\SL{3, M) can be viewed 
as a universal sector of the HM space A^i^(X) in the large volume, weak coupling limit, 
and work out the decomposition (|1.5|) in the one-modulus case. 




2.1 SO{3)\SL(3,M.) as a hypermultiplet moduli space 

The five-dimensional symmetric space Ai^ may be parametrized in the Iwasawa gauge 
by the coset 

9= . 

/.Mf^ I I— \ /I \ 

(2.1) 



where Ei = {E, Ep, Eg, Hp, Hg, Fp, Fg, F} form a basis of the Lie algebra of s[(3,]R), 
such that any linear combination ^ EiEi with G M is represented in the triplet 
representation by 

-Hp Ep E\ 

-Ep -U, + UpEA , (2.2) 

~E Fq SqJ 

The maximal compact subgroup K = SO (3) is generated by antisymmetric matrices, 
i.e. by Ep + Fp,Eg + Fg,E + F. 

The right-invariant metric on A4u is obtained from the right-invariant form 6 = 
■ projected along K via 

d.^ = iTr[(^ + = ^ + + . W + ^idco)^ + r|dcg _ ^^.3) 

2 T2 T2 

The Killing vectors generating the right-action of 5*^(3, M) on Aiu are given by 

E = , Ep = — cqO^ , Eg = dco , 
Hp = 2Tidr-, + 2x2(9^-2 + ipd^ - codco , 
Hg = 2codco - 3vdy + iljd^ - ndr^ - r2(9^2 , 

Fp = -ijd,, - 2nT2dr, + (r| - rl) d^, , (2.4) 
Eg = cldco - Co{3ud^ - ipd^ + Tidr^ + Ts^^^) - ipdr^ - {vT2)~^{dco - Tid^) , 
F = ipiipd^ + Codco - 3ud^ + ndr, + T2dr2) + co[{t^ - T^)dr, + 2x1X2^^2] 



CO J 
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For later reference, we record the Laplace-Beltrami operator on A4u, equal to the 
quadratic Casimir of the s[(3,M) action ( |2.4|) , 



C2 = rlipl^ + 9^) + 'id^iv'^d,) + —[dc, - Td^)ipc, - Td^) . (2.5) 

There is also an invariant differential operator C3 of third order in derivatives, corre- 
sponding to the cubic Casimir given in ( [A.13| ). 

The parametrization ( |2.1|) was chosen such the 5*17(2, M) subgroup corresponding 
to matrices of the form 

a h \ 

c d , ad — be = 1 , (2.6) 
1/ 

acts by fractional linear transformations on r = ri + ir2 and linearly on (cq, 

ar + b f co\ f d -c\ ( Co\ ,^ 



cr + (i \^ ) a J \ip 



To recognize (|2.3| ) as a hypermultiplet moduli space metric, let us change variables 
to (0, t, (, (, a) defined by 

^^=^375-' ^2 = ^, ri = C, co = C, = -^{(^ + CO (2.8) 



The metric ( p.3|) becomes 

ds' = d0^ + 3^ + e-^ [r'd(' + t'd(') + \e-"f> (da + (dC - CdC) ' • (2.9) 

This is the standard c-map metric associated to a special Kahler manifold K,{X) with 
cubic prepotential F = —^KabcZ"'z''z^ 0, restricted to the locus z"- = it r", = Ca = 0, 
where is a fixed reference value for the Kahler modulus t". Comparing (|2.8|) to 
14| , we can identify r as the lOD type IIB axio-dilaton, cq = — Jy^^^^ + ■ ■ ■ as the 



Ramond-Ramond six-form background, ip as the 4D Neveu-Schwarz axion, = V as 
the volume of Y in string units. The four- dimensional string coupling is then 

(the factor of is conventional), while the Heisenberg Killing vectors act as 

Ep = d^ + Cd^, Eq = d^-Cd^, Eu = -2d„. (2.11) 
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It is perhaps worth noting that although a further restriction to the locus t = 1 
produces the SU{2, l)-invariant metric on the universal hypermultiplet, SU{2, 1) does 
not act on the five- dimensional manifold ( |2.9| ). The stabilizer of the locus t = const is 
the semi-direct product of IR+ generated by Hp + Hq and the Heisenberg group A^: 

. m —p + ^mn 

1 n I : {C,C,(^)^iC + m,C + n,a + 2p-nC + mC). (2.12) 

On the other hand, the stabilizer of the locus + e~'^('^/t = const is the semi-direct 
product of generated by Ep, Fg and the SL{2, M) subgroup 



AD~BC=l, (2.13) 




which acts as 



^ AS + B fx\ [D -C\fx\ 



where 



A - ^ ( C 



y) + e Kci^'^t' + + |c(^ - CO 



(2.15) 



This 5*17(2, M) subgroup is just the Ehlers symmetry alluded to in the introduction, 
written in a somewhat unusual field basis. Note that for C = 0, the complex variable 
S reduces to the four-dimensional axio-dilaton, S\^_q = — |cr + ie^. 

In the sequel, we shall assume that physical amplitudes are invariant under SL{3, Z), 
the group of integer valued, determinant one matrices. In particular, this includes 
the SL{2, Z) subgroup (|2.6|) with a, b, c, d integer, the SL{2, Z) subgroup ( p. 131) with 



A, B, C, D integer, and the Heisenberg group ( 2.12|) with m, n, —p + ^mn integer. 



2.2 The universal sector in the one-modulus case 

To clarify in what sense 5'0(3)\5'L(3, M) is a universal sector of Mr, we now study 
the decomposition (|1.5| ) in the one-modulus case, when A4k is the quaternionic-Kahler 
manifold A4 = S'0(4)\G'2(2), obtained by the c-map procedure from a special Kahler 
manifold JCk with prepotential F = —{X^ Y/X^. The geometry of this symmetric space 
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was studied in detail in whose notations we adhere to^. The quaternionic-Kahler 
metric 

ds^ = 2{uu + vv + e^e^ + E1E1) , (2.16) 

with 

-0/2 



u =^ (-dCo - ^dCi + 3zMC^ - zMC°) 



Ex=- ^^^3^, (-3dCo - dCi(^ + 1z) + 'iz{2-z + z)dC - 3^zMC°j 

has a ^2(2) isometric action, and therefore a 5*1/(3, M) C G2(2) isometric action. This 
action corresponds to right multiphcation on the coset representative in the Iwasawa 
gauge (here 2; = 6 + it) , 

g ^ ^-Vo . gV2f'i+ . . e-7I«°-^'o-73^"«V . g-v^^'^^i-Te^i^ . e"^'^^ , (2.18) 

followed by a compensating 5*0(4) left-action. 

The 5'L(3,M) subgroup of G2(2) is generated by the longest roots with respect to 
a split Cartan torus. A system of coordinates adapted to the 5'L(3) action is obtained 
by choosing instead a coset representative in the (non-Iwasawa) gauge 

g = ^^+f . ^j-T . g-75ni?,o . g-TS^oV . e'^-^* . gyf«i-E,i-V2«2y++v^«3Fpi (^2.19) 

In this way, the coordinates (z/, r2, ti, cq, V^) parametrize as in ( p^.lj ), with the same 
transformations ( ^^.41) as before, while the real coordinates (mi, M2, M3) transform linearly 
in the triplet representation of 5*17(3). In these variables, the metric can be written as 

ds^ = ds^^ + dw^ ("^ ^^^) ^ ^^^'^ ^ A'^'^UiUjduk (2.20) 

where the contractions of the three- vectors u, du and u A du are performed with the 
3x3 symmetric matrices M, M, , respectively, where M = g^g. Here A[ij)k are 
5'L(3) invariant forms on A4u- The origin of the various terms can be understood by 
writing it schematically as follows: 

ds^ = {dsM^ + Auudu)^ + du'^ + (uAdu)^ (2.21) 



5 



Except for the following changes of notation: t ^ z,C^ ^ C^/V^, (a ~> "(a/V^, o" ^ ^i^r- 
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reflecting the decomposition 14 = 8 + 3 + 3 = 5 + 3 + 3 + 3 of 92 under so(3) C s[(3). 
Note tliat tliere is no translational symmetry along the u variables: indeed the triplet 
of generators {Eq^, —^/6Y^, Fpi) differs from d/dui at linear order in uj. 

The relation between the two sets of coordinates can be found by determining the 
5*0(4) left action needed to cast ( |2.19| ) in Iwasawa form ( |2.18| ). We suppress the details 
and quote only the result: 



^2 



Ai/2 



Z/l/Sr^l/^ (^4 _^ ^^2 + ^2 _^ 2) m| + 1) 



U2 + U1U3 



T2U3 
A 



[U2U3UI - Ml + U2U3 {uj + ^3 + 3) Ml + uj) , 



Z/1/6A 
Co = Co 



[U2U3U\ - [u\ + 1) Ml + U2U3 {u\ + Mg + 1)) 



z/r2)i/2A 



C 



a 



/1/3A 



M3 {u\ + U3) u\ - M2M1 + U3 {u\ + ul + l)' 



-2i) - TiCo 



T2M3C0 

A 



[U2U3U1 - Ml + M2M3 (m2 + M3 + 3) Ml + ul) 



(2.22) 



where 



1/6 



Ml 



(mi + ^M3 + ri(M2 + C0M3)) , M2 



'^^^^\^{U2 + C0M3) 



M3Z/ ^/=^M3 



A = M3 + (2M2 + 3) M3 + (m2 + 3M2 + 3) M3 + Ml (m2 + M3) M3 — 2M1M2M3 + 1 , 
S = M2M3 (m2 + M3) ul — (m2 — M3) Ml + M2M3 (m2 + (2M3 + 3) M2 + "^3 + SMg + 3) , 
S' = (m3 (m2 + 2M3) ul — U2u\ + M3 (^2 + 3 {u\ + 1)^2 + ^^3 + 6M3 + 3) Mi + M2M3) • 

(2.23) 

A similar decomposition holds for any quaternionic-Kahler space M. given by the 
c-map of a special Kahler manifold K, with cubic prepotential 



(2.24) 



where Kabc is the norm form of a Jordan algebra J of degree three. In this case, M. is 
a symmetric space EHl E^, |5 



M = [SUi2) X Conf(J)]\QConf(J) 



(2.25) 
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where QConf(J) and Conf(J) are the quasi-conformal and compact conformal groups 
associated to J. The root lattice of QConf(J) admits a two-dimensional projection to 
the root lattice of 6*2(2)? with a non-trivial multiplicity h for the short roots, and with 
the zero weights corresponding to the 5-dimensional duality group Stro(J) together 
with the non-compact Cartan generators of SL{'i). Using a suitable (non-Iwasawa) 
gauge, the right-invariant metric can be written as 

(2.26) 

where a = 1 . . .h, where TZ = Aut( J)\Stro( J) is the vector multiplet space in 5 dimen- 
sions, given by the cubic hypersurface ETl, 



^ WVV^ = 1 , (2.27) 
o 

of real dimension h — 1. The coordinate t on A4u is then the overall scale of the Kahler 
classes, = tr", while the coordinates are related to the RR Wilson lines by a 
generahzation of ( |2.22| ), e.g. to leading order in u^, 

6" = -M^ + . . . , Co = Co + \KabcUlu\{u'{ + Ti M^) + . . . , 

^ (2.28) 

= -« + n U2) + • • • , Ca = l^l^a,c[u\{u\ + n U%) + cH'ul] + . . . 

These formulae should remain correct in the large volume, weak coupling limit, even 
when the intersection form Kabc is not the norm form of a Jordan algebra, and M.k not 
a symmetric space. 



3. SL{3^ Z) Eisenstein series and NS5-instantons 

While AixiX) admits an isometric action of ^^(S,^) in the strict weak coupling, 
large volume limit, quantum corrections to the metric generically break all continuous 
isometrics. In this section, we show that a discrete subgroup SL{3, Z) may be restored, 
provided that quantum corrections take a suitable form. 

3.1 Quaternionic-Kahler geometry and contact potential 

The quaternionic-Kahler metric on Ai is conveniently encoded in the hyperkahler po- 
tential, a S't/(2)-invariant, degree one homogeneous function x on the Swann bundle S, 
which provides a Kahler potential for the hyperkahler metric on S in all complex struc- 
tures [0, |52[. Here 5 is a ]R^/Z2 bundle over (equivalently a bundle over the 
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twistor space Z oi hA\ which carries a canonical hyperkahler metric with an isometric 
SU{2) action and homothetic Kilhng vector n [^. Thus, one may choose coordinates 
xf" on M and {v\ v\ z, z) on M7Z2 such that [||, |21|, 0, 



X 



AW 



[l + zz) 



3Re[$(x^,2)] 



(3.1) 



where $(x^, z), a complex function holomorphic in z, is known as the "contact poten- 
tial". In order to extract the metric on 5 or on the hyperkahler potential x should 
also be supplemented by the "twistor lines", i.e. by a set of holomorphic functions 



uUx'^, z) on Z such that 



provides a set of local complex coordinates on S. Im- 



portantly, any isometry of M. can be combined with a suitable action on {v ,v'^,z,z) 
to produce a tri-holomorphic isometry of S, leaving x invariant. In the presence of 
one continuous isometry, $(x^,2;) can be taken to be independent of z, but this is 
not possible in general. However, using the SU (2) action, it is in principle possible to 
recover ^{x'^,z) for any z from the knowledge of its restriction to any section z{x^). 
In this note, we shall restrict our attention to this "restricted" contact potential $ for 
a suitable section z{x'^), leaving for future work the determination of the twistor lines 
and of the contact potential away from the section z{x'^). 

In type IIB string theory compactified on Y, the contact potential on the HM 
moduli space AixlY), including the effects of the tree- level {a')^ correction, tree- level 
world-sheet instantons and one-loop correction was determined in |T( 

2C(3) r| 



SHI: 



g*pert 



V 



16(27r) 



Xy 



.3/2 27r 1/2 
' 2 ^ ^2 



+ Yl [Lis {e'-''-q + 27rKt'^U, (e^-^^^^")] 



(3.2) 



ka>0 



is the volume of Y , rij!^ is the BPS invariant in the homology 



is the polylogarithm and C,{s) is Riemann's 



where V = \Kabct''tH^ 
class ka-i" e H2{Y,Z), Li 
zeta function. 

In the weak coupling, large volume limit, only the first term in ( p.2| ) remains. The 
hyperkahler potential x is then invariant under the S'L(2,]R) groups ( |2.6| ) and ( ^^.131 ), 
respectively, provided the prefactor r° = v^\{l + zz)/\z\ in ( |3.1| ) transforms as 



\cT + d\ 



^r^\CS + D\ 



\ 



1 



1 + z^^x^S^ 

z'-^/^{Dx-ByfS2 
\CS+D\^ 



(3.3) 



respectively. This invariance is spoiled, however, when the other terms in (|3.2|) are 
included. Of course, x could always be made invariant by adjusting the transformation 
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rule of r'', but this will in general not lead to a tri-holomorphic action. For this reason, 
we do not allow any deformation of the SL(3, M) action on the coordinates and r^^. 
Instead, we allow for deformations of the contact potential ^{x^) = ^{x'^ , z{x^)) , but 
assume that there exists a choice of section z{x'^) such that ^{x'^, z{x^)) retains its 
tree-level transformation property. 

In |TD|, it was shown that an S'L(2,Z) subgroup of ( |2.6| ) could be restored by 



adding to the perturbative potential ( p.2|) a suitable combination of D-instantons and 
(m, n)-string instantons, 

2 / — 3/2 

e*inv = I^V + y nf y'-^ ^ (1 + 27r|mr + n|fcX) e'^'^^--^" , 

fca7"eH+(y)u{o} 

(3.4) 

where n^Q^ = — xy/2, 

Sm,n,K = ka\mT + n| - ikaimc" + nb") (3.5) 

and the primed sum runs over pairs of integers {771,11) 7^ (0,0). Thus, S'L(2,Z) invari- 
ance is powerful enough to determine these types of instanton corrections, which with 
our current understanding of string theory could not be computed from first princi- 
ples. As a strong consistency check, it was shown that ( p.4|) reproduces the expected 
behavior near the conifold [|lT |. 



3.2 Automorphizing under SL(3, Z) 

Our aim is to show that similarly, invariance under a discrete subgroup SL{3, Z) of 
SL[3, M) can be restored by including NS5-brane and D5-brane contributions. For 
simplicity we concentrate on the (a')^ and Qs "universal" corrections in the first line of 
(|3.2|) , which depend only on the extended universal sector (z/, r2, ri, cq, V") and on the 
Euler number xy- Factoring out the tree- level contribution, we require that 

e" = {I + E{g)) , (3.6) 
where E{g) is an 5-^(3, Z)-invariant function such that, at weak coupling, 

E{9) = -^1^ (2C(3) + 2^ V-\-' + . . . ) (3.7) 

While our knowledge of automorphic forms of SL{3, Z) is rather limited, some 
general principles and a few explicit examples are well understood. As explained e.g. 
in [p^, G'(Z)-invariant functions on K\G{M.) can be constructed from 



'The consistency of this assumption in the case of SL{2, Z) has been checked recently in Esj 
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i) a unitary representation p of G'(]R) in an (infinite dimensional) Hilbert space 7i, 

ii) a "spherical" K-invariant vector'' G 'H-, and 

iii) a G(Z)-invariant distribution fi on ?-^. 

Moreover, fi can often be obtained adelically from spherical vectors fp of the represen- 
tation p over the p-adic number field Qp for all primes p. With these ingredients, one 
may write 

E{g) = {h\p{g-')\fK) , (3.8) 

which is well defined on i^\G(]R)/G(Z), due to the G'(Z)- and fT-invariance of 
and fxi respectively. Moreover, if p is an irreducible representation, such that any 
G-invariant operator O acts on as a scalar, then E{g) is an eigenmode of O with 
the same eigenvalue, now acting as a G-invariant differential operator on K\G{M.). 
In particular, the eigenvalue of E{g) under the Laplace-Beltrami operator (p.5|) on 
K\G{E.) is equal to the value of the quadratic Casimir C2 in the representation p. 

In the context of i?^ couplings in 8 dimensions an elementary example of a 



5/7(3, Z)-invariant function was constructed (see also |Q for a physics discussion of 
this type of Eisenstein series): 

E{g- s)= ^ {m'Mm^ (3.9) 

where M = g^g. The sum converges absolutely when Re(s) > 3/2, and can be analyt- 
ically continued in the rest of the s-plane, except for a pole at s = 3/2. This is the 
automorphic form associated to the representation p on homogeneous functions of de- 
gree —2s in three variables - also known as the minimal representation. The spherical 
vector is just fx = (m*m)~**, and fz is the Dirac distribution on the lattice minus 
the origin. The values of the quadratic and cubic Casimirs are given by 

C2 = ^s(2s-3), C3 = s(2s-3)(4s-3) , (3.10) 
satisfying the relation 

4C|-108C|-81C2 =0 . (3.11) 
The infinitesimal generators of the minimal representation are spelled out in Appendix 



D.l 



^The term "spherical" requires both K-invariance and suitable decrease at infinity. If p does not 



admit a spherical vector, fx can be replaced by a vector in the lowest K-type, but (3^) then leads to 
a section of a non-trivial homogeneous vector bundle over K\G(M.). 
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More generally, one may consider the principal Eisenstein series 0, |5^, 



also ^T\, |36[ for a physics discussion) 



E{g; si, S2) = K ^ ^ (m^Mm 



[m^Mm) in^Mn) - {rn^Mnf 



'S2 



see 



(3.12) 



where the sum runs over pairs of integer vectors m, n such that m 7^ 0, n 7^ modulo 
the equivalence n n + fh, and k = 4({2si + 2s2)C(2s2). The automorphic form ( p.l2| ) 
is attached to the principal continuous representation obtained by induction from the 
minimal parabolic (or "Borel") subgroup 




(3.13) 



via the character^ 



XS1,S2(P) 



|^^|§(si+2s2) I ||(.i-S2) |^j-|(2si+S2) 



as 



(3.14) 



In contrast to the minimal representation, the principal series has independent quadratic 
and cubic Casimirs, 



C2 = g(s?+S^+SiS2)-2(si+S2) 



C3 = (si-S2)(2s2+4si-3)(2si+4s2-3) . (3.15) 



The infinitesimal generators of the continuous principal representation are spelled out 
in Appendix p.2| . The sum in ( p.l2| ) converges absolutely for 



Re(s2) > 1 , Re(2si - S2) > 2 , (3.16) 

and may be meromorphically continued to other values of (si, S2) |^ Singu- 
larities arise at the six lines in the (si,S2) plane where ( p.ll|) is obeyed, namely 



si = 



si = l 



S2 = 



S2 



S1 + S2 



S1+S2 = - , (3.17) 



where E{g; si, S2) becomes proportional^ to the minimal Eisenstein series E{g; s) ( p. 91) . 



^More generally, one could multiply x by Y[i=i 3[sigii(ai)]'^S ^^'^ obtain in this way the supple- 
mentary continuous series; however the signs must be chosen to be + in order for the S'L(3,Z) 
Eisenstein series not to vanish. The supplementary series may become relevant if only a finite index 
subgroup of SL{3, Z) was unbroken. We are grateful to S. Miller for consultations about this point. 

^This can be seen by comparing the constant terms, see Appendix [A|. The matching of the Abelian 
and non- Abelian Fourier coefficients appears less obvious but should hold on general grounds. Note 
that none of the lines in ( |3.17 ) lies in the convergence domain ( 3.16| ). 
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Finally, one may also consider representations induced from the maximal parabolic 
subgroup 

{/* * *\ "I 
* * * I , (3.18) 

and construct 

/ \ -si-2s2 

E{g; Si, S2, </>)=>, [m Mm) (p {Tm,n,Tm,n) , (3.19) 

where 

m^Mn + i^ym^Mm n^Mn — {im}MnY 

Tm,n = 7T7 , (3.20) 

(j){T, f) is a non-holomorphic modular form of SL{2, Z) with weight —2s2, 

' ar + b af -\- 



CT + d' CT + d 



CT + df''4>{T,f) , (3.21) 



and the sum runs over the same set of integers as in (|3.12 ). For = Tg"^*^, this repro- 
duces ( p.l2|) . According to ||6^, these induced representations exhaust all irreducible 
unitary representations of S'L(3,M). 

In the case at hand, the values of the quadratic and cubic Casimirs can be easily 
determined by acting with the invariant differential operators C2 and C3 in (|2.5|) on the 
two perturbative terms in (p.7|): 

C2 = 3 , C3 = . (3.22) 

This determines (si,S2) in ( p.l2| ) to be one of the six values (which lie away from the 
singular locus ( |3.11|) ) 



2'2 J ' U'~2 J ' V 2'2 J ' V 2'"2 J ' l"2' 2 



(3.23) 



The Weyl group of S'L(3) acts by permuting these values, and the resulting Eisenstein 
series ( |3.12| ) are identical, up to an overall (si, S2)-dependent constant. There is no loss 
of generality in choosing (si,S2) = (3/2, —3/2). Thus, we tentatively propose that the 
S'L(3,Z) invariant function appearing in ( |3.6| ) is given by 

E{9) = -^1^ C(3) E{g- 3/2, -3/2) , (3.24) 

where the generalized Eisenstein series on right-hand side is given by (|3.12 ) with^° 
(si,S2) = (3/2,-3/2). 

Different cfioices of (si,S2) simply amount to permuting tfie various terms in (|^ and (l^l). 
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More generally, it is natural to conjecture that the worldsheet instanton sum in 
(|3.4]) is subsumed into a sum of SL{3, Z)-invariant functions 



(0) 



C(3) ^ 
2(27r)3 ^ '^'^ 

ka-y''&H+{Y)U{0} 



E 



m,n 



2\ 3/2 



m^Mm 



(l + 27rA;„r''v^ 



-277 Sri 



where n, 



(0) 



-Xy/2, 



5, 



m,,ka 



m 



(3.25) 



(3.26) 



and the second sum runs over the same set of integers as in (|3.12| ). In the sequel we 
shall restrict ourselves to the universal contributions p.24| ) corresponding to ka = 0, 
leaving a study of ( |3.25D to future work. 

We should stress that we do not know whether (|3.12| ) is the only automorphic form 



of S'L(3,Z) with the infinitesimal parameters (|3.22| ). It seems reasonable however to 
take it as a working assumption, and see what kind of quantum corrections it predicts. 

3.3 Perturbative and D-instanton contributions 



In order to justify our proposal ( |3.24| ), we should check that the perturbative terms in 
(|3.7]), and indeed the whole D-instanton series ( |3.4D predicted on the basis of SL{2, Z) 
duality, are reproduced in the large volume limit u —>■ 0. The mathematical prescription 
is to extract the "constant term" with respect to the maximal parabolic subgroup ( |3.18|) , 
i.e. the zero-th Fourier coefficient with respect to {co,ip), 



dco / dtpE [ u,ri,T2,Co,ij] 
Jo V ^ 



(3.27) 



Since {co,'ip) transforms as a doublet under ( |2.(j| ), the result must be invariant under 
SL{2,X) C Pmax- Using the general results due to Langlands or the exphcit 

computation in we find (see ( |A.8|) in Appendix A) 



E, 



-3/2 



3/2 1 



1080C(3)C'(-4)r2^V^£;_i 



+ 120C(3)r|/VE„3/2(r) 
where Egij) is the standard non-holomorphic 5*^(2, Z) Eisenstein series 

T-2 



(3.28) 



EAt) 



E 

(m,n)5^(0,0) 



\m + nr 



(3.29) 
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whose Fourier decomposition is given by the Chowla-Selberg formula (see e.g. |6T 
for a physicis discussion) 

E,(r) = 2C(2.) r| + 2v/^r^^ £ii^llZ^C(2s - 1) 

r(s) 

+ i2jV-s^(s) ^ 5: l-il"-^/C._,/.(2.r,|m,m,|)e— . 

^ ^ ^ mi^0m2^0 

(3.30) 

To simplify formulas, we have defined the rescaled (modified) Bessel function: 

JCtix) = x-'Kt{x) = (^^ ^ C(l/x)) . (3.31) 

The first term £'3/2(7") in ( |3.28| ) indeed reproduces ( |3.4| ) with ka = 0, and therefore the 
two perturbative terms in ( p.7|) . 

To analyze the remaining terms in (|3.28|) , it is useful to go to the weak coupling 
limit T2 00, where only the first line of (|3.30| ) contributes for each of the Eisenstein 
series Eg appearing in ( p.28| ). In effect, this amounts to extracting the constant term 

^P„.„(^,^2)= / driEp_(z/,r2,ri) (3.32) 



^0 

with respect to the minimal parabolic (or Borel) subgroup ( |3.13|) (see Eq. ([A.2|) ): 

27r2 405 

7^^'"' ' (3.33) 
+ 180 C(3) C'(-4) V + 180 C(3) C'(-4) V + 2C(3) V . 



Ep_{u, r,) = 2C(3) + — T,-' V-' + ^ C(3)^ C(5) V 



Multiplying out by the prefactor r|V"/2 from ( p.6| ), we see that the terms on the second 
line behave like perturbative contributions with negative genus —2 and —3, while the 
last term on the first line behaves like a tree level contribution which grows up like the 
square of the volume. These are the puzzling terms mentioned in the introduction. It 
could be that such divergent terms arise perturbatively (in analogy with the log gs term 
encountered in couplings [^), or that the proposal (|3.24|) is too naive. Nevertheless, 
it is instructive to analyze the implications of our proposal at finite volume and coupling, 
in the hope that these issues can be resolved in the future with minor changes to our 
set-up. 

3.4 Non-Abelian Fourier expansion and the minimal Eisenstein series 

At finite volume and coupling, terms with non trivial dependence on cq and ip will start 
contributing, corresponding in the type IIB context to D5 and NS5-brane instantons 
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(or, in the IIA context, to D6 and KK-monopoles winding along S^). However, due to 



the non-Abehan nature of the Heisenberg group N in ( p.l2|) , it is not possible to diag- 
onalize translations in ti,co,iIj simultaneously and extract Fourier coefficients indexed 
unambiguously by D(-l), D5 and NS5-brane charges. Instead, one must decompose 
the action of on functions on into irreducible representations. By the Stone- von 
Neumann theorem, any irreducible unitary representation of the Heisenberg algebra 
[Ep, Eg] = E is either 

i) one-dimensional, with Ep and Eg acting as scalars and E = 0, 

iia) infinite-dimensional and isomorphic to the action on the space of functions of two 
variables Xq, y via 

Ep = ixo, Eg = -yd^o, E = iy , (3.34) 

iib) equivalently to iia) after Fourier transform, infinite-dimensional and isomorphic 
to the action on the space of functions of two variables xq, y via 

Ep = yd^o, Eg = ixo, E = iy . (3.35) 

In practice, this means that any function \E'(t, (f);(,(y invariant under the Heisenberg 
group ( p.l2| ) can be decomposed into its "Abelian" and "non-Abelian" parts^^, this 



means that any function \l/(t, 0; cr) invariant under the Heisenberg group (p.l2|) 
can be decomposed into its "Abelian" and "non-Abelian" parts: 

vi>(t,0;C,C»= ^pAtA)e'^'^'^^-^^^ 
(P,g)ez2 

fcez\{o} e&z/{\k\z) nez+^ 

The ffist line is the contribution from one-dimensional type i) representations, and 
corresponds to the Fourier expansion of the constant term 

v|/(t,0,C,C)= / ^(t,0,C,C,^x)da (3.37) 

^0 



^^Such non-Abelian Fourier expansions have been discussed in the mathematics hterature for a 
variety of groups |44[ ^ . They also occur in condensed matter physics in discussing Landau levels 
on the torus Q. We are indebted to A. Neitzke for numerous discussions on this subject. 
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with respect to the "Abehanized Heisenberg group" N = N/Z. Here Z denotes the 
center of N which coincides with the commutator subgroup [N, N] : 



Z=[N,N] = {\ 1 ]}. (3.38) 




The second hne in ( p. 361 ) then corresponds to infinite dimensional representations 



of type iia) with y = — 27rA; and xq = —27ikn. Note that the invariance of ( |3.36| ) under 



shifts (^(^+l,a^a-\-(is immediate since a — is invariant and n is integer; 
under shifts (^(^ + l,a\-^a — ( , the summation variable n must be shifted, but the 



variation of 'irik{a — and 2'iTikn in the exponential compensate each other, so (p.36|) 
is again invariant. 

Equivalently, the same function may be decomposed into representations of type i) 
and iia), as 

+ E E [ E ^k,i'{tA;C ' (3-39) 

fcGZ\{o} £'ez/(|fc|z) mez;+^ 



\ g27rifcmC-7rifc((T+CC) 



The relation between the two sets of non-Abelian Fourier coefficients follows by Poisson 
resummation over n, and is given by Fourier transform, 

^kAt,<l^;C) = Yl ^''^'"^ / ^M(^,0;C)e'^^'^^^'dC , (3.40) 



while the Abelian Fourier coefficients in ( p.36| ) and (|3.39|) are of course identical. Thus 



the non-Abelian Fourier coefficients and '^k,i' exhibit a wave function property, 
i.e. should really be thought of as a single state, which can be expressed in different 
polarizations.^^ 

Before we proceed to the more relevant case of the full principal series, as an 
example we give here the non-Abelian Fourier coefficients of the minimal Eisenstein 



^^This property suggests that ^k,e may be closely related to the topological string ampUtude, or 
rather to its one-parameter generalization advocated in ||6q|. 
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series ( p.9|) , as computed in detail in Appendix 

2tt' 



^0,, = ^(eVt)>2.-i(g)/C,_i (2vre^/2r^/2|g|) 



where the "instanton measure" for n charges is generally defined by a sum over the 
common divisors of all charges 

/i,(iVi,...,iV„)= Yl 1^1'- (3-42) 

m\Ni,...,N„ 

These Fourier coefficients are considerably simpler than those arising from the principal 
Eisenstein series E{g; 81,82) discussed in the next subsection, but they illustrate their 
general structure. In fact, they arise as the limit {81,82) — > (s, 0) of a subset of the 
coefficients of E{g; 81, 82). Were this limit to describe some physical coupling, \E'o,p 
and "^qfi would correspond to D5- and D(— 1) -instanton effects, with instanton actions 
displayed in ( |3.48 ) and ( |3.47 ) below, while "^k/' would correspond to {p,k) 5-branes 



with p = km G Z and vanishing D(-l) charge Q = 0, as in ( p.57| ). However, the 
principal Eisenstein series E{g; 81,82) with S2 7^ displays additional contributions 
with pq and Q ^ 0, and considerably more involved instanton measure ( ^.69 ). 



A representation-theoretic point of view on the non-Abelian Fourier expansions ( ^.361 ) 
and (|3.39|) is provided in Appendix D. 

3.5 Generalized Eisenstein series and NS5-branes 

Let us now turn to the non-Abelian Fourier expansion of the full Eisenstein series 
E{g; 81,82) in ( |3.12| ). As it turns out, this was computed thirty years ago by Vino- 
gradov and Takhtajan [Q. In this section, we summarize their results adapted to our 
conventions, and we identify the instanton configurations responsible for each contri- 
bution. We work in terms of the variables {i',T2,Ti,Co,ip}, which can be converted into 
the variables {t,(j),(,(,a} used in the previous section using (|2.8|) . The main reason 
for this choice is that the variables r = ri + ir2 and (cq, ip) have simple transformation 
properties ( p.6|) under the S-duality group SL{2,Z) C SL{3,Z), which is manifest in 



the Fourier expansion 44 . 
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3.5.1 Constant terms 



As already discussed in Section p73| , the term \l/o,o in the Fourier expansion, depending 
only on the "dilatonic" parameters z/, r2, corresponds to the "constant terms" with 
respect to the Borel subgroup ( |3.32| ). These terms are discussed in Appendix A, and 
agree with the analysis of [HI]: 



'^o,o{j^,r2;si,S2) = / dn / dco / dip E{u,T2,T2,co,iIj; si, S2) 
Jo Jo Jo 



V 3 + c(Si) V' 

. 1 1 Hull 



. 1 ^£i:z£2 



>2=* + C(S2) V' 



2^1+^2 1 

3 To 



\c{sx)c{s2)c{S'i)v'-^-^T}f'^ , 



(3.43) 



where 



c s 



e(.) = 7r-^/^r(./2)c(.) 



(3.44) 



and S3 = si + S2 — \- These terms were already discussed in ( |3.33| ) for (si,S2) = 
(3/2, —3/2). We shall not discuss them any further here, except to note that they are 
consistent with the functional equations ( [A.7| ) obeyed by the completed series ( [A.6|) . 

3.5.2 Abelian Fourier coefficients 

Let us now proceed to analyze the Abelian Fourier coefficients "^-p^q with (p, g) 7^ (0, 0), 



starting with the simplest cases '^o,q and ^^^,0- As shown in 

9('97r'|l/2-si^l'«„V('«o'l ,,+9 

^0,q('^, T-2) = 

2(27r)V2--2 ^ /o I I ^ 

U2S2) 



2(27r)l/2-^lc(s2)c(s3) £l±2£2_i , , ^ I I ^ 

^^2^^^ ^ ^ V 3 ^>i_2si(g) /Ci/2-si(27r|g|r2) 

2(27r)V2-^ 

e(2s2) 
2(27r)i/2-s3 



(3.45) 



and 
*p,o('^, ^2) 



e(2s3) 
2(27r)i/2-« 



2 Vi_2s3(g) /Ci/2-s3(27r|g|r2) 



^1"2Vl-2si(p) /Ci/2-si(27r|p|/v/z^) 



+ 



+ 



e(2si) 
2(27r)V2-s2 



e(2s2 



-u 3 2rn 



/il_2.2(p) !<^l/2-S2{'^T^\p\/V^) 



2(27r)i/2-«3c(s2) _£2+2£i i_ 



e(2s3) 



U 3 Tn 



S2 



/il-2.3(p) l^l/2-ss{'2TT\p\/VjyT^) ■ 



(3.46) 
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By comparing with ( p.42| ) it is apparent that these have a very similar structure to the 
minimal Eisenstein series. Using the asymptotic expansion of the Bessel function ( p. 31 



we deduce that in the weak coupling limit T2 —>■ oo, the coefficients "^Q g contribute to 
the expansion ( p.39D by exponentially suppressed contributions of order e~^'^'^" «, with 

So,gir) = \q\T2 + iqTi. (3.47) 



This is precisely the instanton action for D(— 1) instantons Similarly, the 

coefficients \E'p^o encode D5-brane instantons, with classical action 

Sp,Q{i^,r2,CQ) = \p\{i^T2r^^^ -ipco = \p\T2V -ipco . (3.48) 

From ( |3.31| ) of the Bessel function, we may also extract the "instanton measure" fi{p, q), 
defined by 

*P,,(i^,T2) ~ T^u^ (Re S'p,,)V(P,g)e-'"(^^ '"'"^ (3.49) 

in the weak coupling limit T2 — > 00, with suitable choices of 7 to absorb the 
moduli dependence. The prefactors in front of e"^'^'^*' '', including the instanton measure, 
should arise from the external vertices and the fluctuation determinant in the instanton 



background |61|. For the particular case of D(-l)-D5 instantons with pq = 0, we flnd 

fn \ - c(s2)c(s3) 1 c(si) 

/^(o,g) = -j^f^^'^sM + j^f^-^sM + j^f^-^^M- (3.50) 

and 

1 c(Si)c(s3) C(S2) , , 

U2si) ^(2s2) U2s3) 

We now proceed to analyze the coefficients ^p,q for pq 7^ 0, which we recall were 
absent for the minimal Eisenstein series. These coefficients may be written as 

e(2.0e(2.2)e(2.3) j^,^ (3.52) 



X 



where 

.,„.(e!M)'". ,3,3, 

Here, we have also defined the "double divisor sum" 

d-]^ ,1^3 >0,gcd(tZ3 ,7t,) — 1 
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and the integral 



X 2 



£1 dx 



(3.55) 

At weak 4D coupling z/ ^ keeping t fixed, one may use the saddle point approximation 
of the integral (for details, see Appendix |C|) 



X 2 



y6i?3/2(l + x)V4 



exp 



27ri?(l + x; 



,3/2 



1 



/l 



C(l/i?' 



(3.56) 

Plugging in the values of Rp^g and Xp ^ given in ( |3.53|) , we find that such terms give 
exponentially suppressed contributions of order e"^'^'^*' ', where 



Sp,g{u,r,co) = {r,V\p\f/' + (r^jgD^/^ + i(gn - pco) . 



3/2 



(3.57) 



We note that the real part of this action is proportional to the mass formula for bound 
states of D0-D6-branes found in p^, p9[. Moreover, in the limit g = or p = 0, 



(|3.57|) reduces to (|3.47|) and ( p.48|) . We conclude that general Abelian terms with 
pq ^ correspond to bound states of D(-l) and D5-brane instantons. Their summation 
measure, defined as in ( |3.49| ), is given by 



2sj+4s2_5| |4£j+2s2_5 



Kp, q) = 



7! «2.,)«2..)«2.,) l;^/^ 



> 1^1 



(3.58) 

According to the general relation between instanton measure and BPS black hole de- 
generacies proposed in |]14|, the measure (|3.58| ) should be related to the D0-D6 bound 



state degeneracies, which are known to be encoded in the Mac Mahon function [40 



This would provide a crucial check of our proposal, which we leave for future work. 

On the type IIA side, the Abelian terms [p, q) correspond to D2-branes wrapped 
on the 3-cycle p7o — g7°, where 70 and 7° are the 3-cycles singled out by the large 
complex structure limit. 

3.5.3 Non-Abelian Fourier coefRcients 



Following the general no n- Abelian Fourier coefficients are given by 

d 



. £2z£l_ 1 

4z/ 6 2 



f(2s,)«2s2)f(2s3: 



2s3^1-2s2 



Cri-2si,l-2s3 



d\d2 



(3.59) 



X '"Mrfg)'^"^^s„s2(i?d,„x,,,) 
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where the notations are as follows: T5j^s2(i?, x) is defined in (|3.55|) , d = gcd(p, k) > 0, 

R^. - (^) ^ X,,, ^ [r,]:^,^ , (3.60) 

and the variables [ri]_;s p and [T2]_fe^p denote the real and imaginary parts of the image 
of r = Ti + ir2 under an SL{2, Z) transformation of the form (|2.7|) , 

-k' p' ) ' -k'T + p' 



, , , , S-T= = [n]^k,p + i[r2]-k,p, (3.61) 



where k' = k/d and p' = p/d and a, (5 are two integers such that ap' + (3k' = 1. Since 
A; 7^ 0, this is usefully rewritten as 

where we used (3 = {1 — p'a)/k' to derive the second relation. Defining Q = d'^q, ( |3.60D 
may therefore be rewritten as 



i^.,, = r,t^|g^/^ x., = ^^^. (3.63) 
In type IIA variables suitable for comparison with (|3.39|) , this becomes 



R,,, = ef^H'/'kn , X,,, = + , (3.64) 



where we have use (E.8|) and defined 



m = |eZ + — , n = sgn{Q)\Q\'/yk . (3.65) 

In particular, (|3.59| ) depends only on the difference Setting m = 0, we therefore 

have 

e'{t, (j); = . / . . y y y rf}-''^4-''Vi_2s, 1-2.3 f kl 

SV iysv ^;SV n:(kn)3£d^I. di\d d2\-^ 

(3.66) 

where now c? = gcd(£', /c). 
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As before, using the saddle point approximation of the integral X(i?, x) (see ap- 
pendix y), we find that ^k/' contributes to ( p.39| ) with terms which are exponentially 
suppressed by e~'^'"^'^'P-'' , where 



Q,p,k 



1 3/2 



+ iQ ,^ -i(pco + fcV) , (3.67) 



\p — /crp k\p — kr]"^ 

or, in type IIA variables, 

Sm,n,k = k ^ .^,3.. ' 'k——0- ^ + -k{a + CC - ^kmC . 

(3.68) 

In these expressions, the last two terms originate from the phase factors appearing in 
the Fourier expansion (|3.39| ). From the saddle point approximation (|3.56| ), we may also 



extract the summation measure defined as in ( p.49|) . 



MQ, P, k) = ^ ^(2.oe(2..)e(2.3) "^-"^'^-"^ '^/^ 

(3.69) 

Contrary to appearances, the limit — is smooth: the apparent singularity cancels 
between the action and the summation measure, as the two terms in (|3.62| ) combine 
into 

d[{ap — [3k)Ti + [3p — ak\T\'^] k~*o d 
\p — fcrp \p\ 



rij-fc,p = — 7:3^ ' ol"^! - p) = n , (3.70) 



where in the last step we used the fact that a = 1, (3 = 0,d = \p\ when k = 0. In this 
limit we therefore recover the action (|3.57| ) of D(-l)-D5 bound states. Moreover, the 
term with k can be recovered from {Q,p, k) = {d'^q, d, 0) by an SL{2, Z) action. It 
would be interesting to recover ( |3.68| ) from the type IIA five-brane action , however 
by duality it is clear that ( p.68| ) must describe the action of k NS5-branes bound to km 
D2-branes wrapped on 70 and (kn)^ D2-branes wrapped on 7°. 

Therefore, we conclude that ( p.59| ) describes the contribution of general bound 
states of Q D(— l)-instantons and {p,k) 5-branes (equivalently, on the type IIA side, 
NS5 — D2 bound states). Thus, despite the fact that the non-Abelian nature of the 
Heisenberg group prevents us from defining D(— 1) and D5 brane charges unambigu- 
ously when the NS5-brane charge k is non-zero, we still find that the general term in- 
volves a contribution of D(-l), D5 and NS5-brane instantons, with independent charges 
Q,p,k. 
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3.6 The minimal theta series as a NS5-brane partition function 



The general non-Abelian contribution (|3.67| ) will undoubtedly remind the cognoscente 
of the minimal representation of 6*2(2) constructed in Sec. 3.5. of [^. Indeed, under 
the standard embedding 5*17(3, M) C 6*2(2), the minimal representation of 6^2(2) belongs 
to the non-spherical supplementary series of S*L(3,]R) with infinitesimal parameters 
(si,S2) = (2/3,2/3) although this representation admits no spherical vector, its 



lowest K-type is indistinguishable from the spherical vector of the principal represen- 
tation in the strict classical limit. Moreover, the minimal representation of (^2(2) is a 
special instance of the minimal representation of the quasi- conformal group QConf(J) 
attached to any cubic Jordan algebra J, in the case where J = M, Km = 6. These 



minimal representations were constructed in for simply-laced Lie groups in the 
split real form (albeit not using the language of Jordan algebras), and more recently 
for all simple Lie groups in any non-compact real form, in particular the quaternionic 
real form, in ||8, 59, |6^. The latter can all be reached by analytic continuation from 
the minimal representation for the split real form constructed in Their lowest 

K-type is not known in general yet, but from the G2(2) example it is clear that it will 
be identical in the strict classical limit to the spherical vector for the split real form, 
found in and displayed in (|D.17| ) below. 



Having recalled this representation-theoretic background, we now assume that the 
HM moduh space M.K{y) is given at tree level by the QK symmetric space (|2.25|) , and 
that a larger discrete symmetry G(Zi) = QConf ( J, Z) D SL{3, Z) remains unbroken by 
quantum corrections, and argue that the minimal theta series of G(Zi), i.e. the auto- 
morphic form attached to the minimal representation^^ via (|3.8| ), predicts exponential 



corrections of the form ( |3.67D , where the D-instanton charge Q is now a composite of 
D3-brane charges A^" labelling the various 4-cycles in Y. 



To make this more precise, we use the expression ( p.l7| ) for the approximate spher- 
ical vector fx, and incorporate the moduh dependence by acting with p(e^^), where 
e G SO{A)\G2{2) is the Iwasawa coset representative in ( |2.18| ) and p is the minimal 
representation obtained in Section 3.5.1 of PBI (or rather, its Fourier transform over 
(a;o,a;i) h-^ {x^,x^)). By further relabeling y = 27Tk,x^ = 2ttp,x^ = 27cN^, we then find 
that the minimal theta series of G*2(2) ( P-8|) predicts exponentially suppressed contribu- 



^•^Early suggestions that the minimal representation is relevant for black hole counting were made 

1 M, H HM- 
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tions of order e '^'^^ where 



S = T2V\p~kT\ 1 



3/2 



k\p — kr] 



+ ^ b\N'y - I 6^ - kc^) (3N^ + pb' - kc^' 
k k 



(3.71) 



where A^^ = A^^ + kc^ — pb^. More generally, for an arbitrary quasi-conformal group 
G = QConf(J), the same procedure based on ( |D.17| ) and the results in ^ leads 
to 



S = T2V\p-kT\ 1 + 3 



a l+a\2 



|p- fcr|2 ' 12 V^\p-kT\^ ' 22.32 V^\p-kT\ 



1 {K^kcf'N'N'f ^ 1 {KakcN'^N^N'^f 



1/2 



- i(pco + ki) + N^Ca) + 



i {p-kn) ^.a^Tb^TC 



6 k\p — kT\ 



2/;; 6fi; 



(3.72) 



where A^*^ = A^'^ + kc"' — pb"'. Here and in ( |3.71| ), the type IIB variables (c", c^, Cq, V^) 
are related to (C^i Ca, Co, "V^) by the tree-level mirror map, Eq. (3.20) in Of course 
(|3.72|) reduces to (|3.71|) upon setting Km = 6. 

Eq. ( p.72| ) is recognized as the action of a {p, A;)5-brane bound to D3-branes wrap- 
ping A^"7a G H4{Y,1j), with induced Dl-brane charge A'^a and D(-l)-instanton charge 
Q given by 



Na 



Q\p — kr 



Q 



Q\p — fcrp 



(3.73) 



In particular, by the same token as in ( |3.62| ), the last term in ( ^.72| ) is just the axionic 
coupling of Q D-instantons for vanishing NS5-brane charge, after rotating to the [p, k)5- 
brane duality frame. It would be interesting to compare ( ^.72| ) with other studies of 
NS5-instanton corrections to the HM moduli space based on supergravity (see e.g. 



73| , [74| and references therein). 

In the limit /c — * 0, ( |3.72| ) reduces to the usual action of a D5-D3-D1-D(-1) bound 
state. 



S = T2 ip'V + SiN^/tyV' + 3{Nat 



j.a\2 



1/2 



(3.74) 
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with charges {p, N"", Na, Q) given by 

N- = N--pb\ N^ = , Q = -L-KatcN-N'^N- . (3.75) 

o\p\ 6\p\^ 

However, this is not the most general D5-D3-D1-D(-1) instanton correction, since the 
Dl and D(-l) charges are determined in terms of the D5 and D3 charges {p, A^"). This 
reflects the fact that the Abelian Fourier expansion of the minimal theta series has 
support on "very small" charges satisfying /4 = 9/4 = 9^/4 = 0, where I4 is the quartic 
invariant of the 4D duality group Conf(J) (these conditions generalize the condition 
pq = for the minimal representation of S'L(3,M)). Therefore, one should probably 



look for automorphic forms in the quaternionic discrete series [[75| , |46| , [76|] , where this 
restriction does not apply. It is also conceivable that only "very small" charges may 
contribute to the hypermultiplet metric, but this does not seem to be required by 
supersymmetry. 

Nevertheless, it is tempting to conjecture that, in cases where the discrete symmetry 
G'(Z) = QConf ( J, Z) is unbroken quantum mechanically, the minimal theta series of G, 
or an automorphic form in the quaternionic discrete series of G, may encode the effects 
of bound states of NS5-brane and D-instantons on the hypermultiplet moduli space. If 
so, it should be possible to express them as a sum of SL{3, Z) invariant contributions as 
in ( |3.25|) and compute the corresponding invariants nf\ Clearly, more work remains to 
establish this claim. For example, the minimal representation is naturally understood as 
a submodule of {Z_m, C(— (/i + 3)/3)) [^, whereas deformations of the quaternionic- 
Kahler space M. are usually controlled by H^{Zm,0{2)) fT^, gg. Nevertheless, this 
proposal meshes well with ideas expressed in |^|, where the minimal representation 



was related to the topological string amplitude, and in |^ where the topological 
amplitude was related to the NS5-brane and D5-brane partition functions. It would 
also be interesting to extend these considerations to Calabi-Yau threefolds which do 
not have a symmetric moduli space at tree level. 
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Note added in v2: BP is grateful to DP for his remarks on the first, single authored 
version of this work, which led us, via to the Fourier expansion of the principal 



Eisenstein series of 5/7(3, Z). We hope that this and other improvements have made 
our case even more compelling. 

A. Constant terms for SL{3) Eisenstein series 



In this Section, we summarize the constant terms of the Eisenstein series ( |3.12| ) and 



along the parabolic subgroups (|3.13|) and (|3.18| ), based on the general results of 



Langlands |£5|, or the explicit computation in Our notation follows |^8| ^ . 

In general, the constant term of a F-invariant function E{g) on G with respect to 
a parabolic subgroup P C G is defined by the integral 



Epig)= / dnEig) , (A.l) 

JN/irnN] 

where N is the unipotent radical of P. These coefficients provide the "perturbative" 
part of the automorphic form {E{g) is said to be cuspidal if its constant terms Ep{g) 
vanish for all parabolic subgroups). 

For the principal Eisenstein series defined in ( |3.12| ), the constant term along the 
minimal parabolic ( p. 13 ) is a sum of six terms, 

r? (n- a a \ — 7.A1+I .A2 .A3-I I 7.A2 + IJ.A1 ,A3-1 g(Ai2) 

j.Ai+1 .A3 ,A2-1 g(A23) I ^As+l.Ai ,A2-1 g(Ai3) g(A23) (X 9\ 

1^1 ^2 ^3 5(A32) + ^1 ^2 ^3 5(A3i)C(A32) y^'^' 

^A2 + l.A3y.Ai-l €(Ai2) g(Ai3) I ^A3 + l.A2,Ai-l g(Ai2) g(Ai3) g(A23) 

h 4 '-3 C(A2i)5(A3i) ^1 ''2 '-3 €(A2i)€(A3i)?(A32) 

where A 1, A 2, A3 are defined by 

2si = l + A2-A3, 2s2 = l + Ai-A2, Ai + A2 + A3 = , (A.3) 

the variables ti,t2,t^ are related to the Abelian part of the Iwasawa decomposition 
Q via 

(ti, t2, h) = u'/'^2, 'y'^VV^2) = (e^/^v^, 1/t, e-^/'Vi) , (A.4) 

and 

e(.) = vr-^/^F(s/2)C(s) (A.5) 

is the "completed" Riemann Zeta function, satisfying ^(s) = ,^(1 — s). The Weyl group 
acts by permutations on (Ai, A2, A3), and leaves invariant ^(A2i)^(A3i)^(A32)-Ep„^i,^(5'; si, S2) 
This extends to the "completed" Eisenstein series 

£{9; K) = e(A2i) e(A3i) e(A32) E{g; s,, s^) , (A.6) 
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which is invariant under permutations of (Ai, A2, A3), corresponding in the (si, S2, S3 = 
■Si + S2 — |) variables to 



{Sl, S2) ~ (1 - S2, 1 - Si) ~ (1 - Si, S3) ~ (S3, 1 - S2) ~ (1 - S3, Si) ~ (S2, 1 - S3). (A. 7) 



On the other hand, the constant terms around the maximal parabolic (|3.18|) are given 
by 



Ep^.A9;si,S2) = ti 

+ 



A12 — :tA32 + 



C(Al2)_,A2i-iA3i + | 



^(A21 

^(A23)^(Al3) ,A3i--|A2i + f 



^A2i(r) 



(A.8) 



where r = 03+^(^2/^3) and Ajj = Aj — Aj. Here Ss{t) is related to the SL{2, Z) Eisenstein 
series ( p.29| ) via £^i-2s(t) = Es{t)/(2((2s)), and satisfies the functional relation 



(A.9) 



The minimal Eisenstein series ( p.9| ) can be obtained from the principal Eisenstein series 
(|3.12|) by taking the limit 



Eig;s) = 2C{2s) \im E{g;s^ = s,S2) 

S2— »0 



(A.IO) 



or more generally by keeping the leading term in the limit Xij 1 for any i ^ j. Thus, 
its constant terms are given by 



2C(2s) 



ti 



Ep^^^Jg; s) _ /^l^2^ ' ^ e(2s-l) t2 ftjtA ' ^ ^{2s - 2)^{2s - 1) tit2 fhh 



ai - 2s) ts\tl J ^(1 - 2s)^(2 - 2s) ti V n 



Ep,..M s) _ tlE,{T) 3_2.^(2s - 2)^(2s - 1) 



2C(2s) 2C(2s) 



e(l-2s)e(2-2s) 



(A.ll) 



where in the second line we used the identity Eq{t) = — 1 

It is straightforward if tedious to check that all terms in these expansions have the 



same values (|3.15| ) of the quadratic and cubic Casimirs, where C2 and C3 are given by 



C2 = --{EpFp + FpEp+ E,Fg+ F,E, + FE + EF)--{Hl + HpH, + Hl) (A.12) 
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Cs = ~^(3 Ep Fp Hp + 6 Ep Fp Hg — 9 Ep Eg F + 3 Ep HpFp + Q Ep Hg Fp — 9 Ep F Eg 
+ 3 F^Ej) if J, + Q Fj,Ej, Hq + 9 Fp Eg E + 3 F^;) H^ E^ + Q F^ Hg E^ + 9 F^ E Eg 



9 Eg Ep F — 6 Eg Eg Hp 



p ^p 



"i EgFgHg — Q Eg Hp Eg — 3 Eg H g Eg ^ 9 E g F Ep 



+ 9 Eg Fj, E — 6 Eg Eg Hj, — 3 Fa Eg Hg — 6 Eg Hj, E„ — 3 Eg Hg Eg + 9 Eg E Fr, 



+ 3 Hp Ep Fp + 3 Hp Fp Ep — 6 Hp Eg Eg — 6 Hp Eg Eg 



4: Hp Hp Hp — 2 Hp Hp Hg 



— 2 Hp Hg Hp + 2 Hp Hg Hg + 3 Hp F E + 3 Hp E F + Q Hg Ep Fp + Q Hg Fp Ep 

— 3 Hg Eg Eg — 3 Hg Eg Eg — 2 Hg Hp Hp + 2 Hg HpHg + 2 Hg H g H p + 4: Hg Hg Hg 

-3HgF E - 3HgE F ~9F EpEg-9F EgEp + 3F HpE - 3F HgE + 3F EHp 

— 3 F E Hg + 9 E Fp Eg + 9 E Eg Fp + 3 E Hp F - 3 E Hg F + 3 E F Hp - 3 E F Hg). 

(A. 13) 



B. Fourier expansion of the minimal Eisenstein series 



As an illustration of the general principle explained in Section let us compute the 
non-Abelian Fourier expansion of the minimal Eisenstein series (|3.9| ): 



Eig,s) = J2 



1 



t e ( mi + - ^{cr - C()ms j +^(m2 + C"^3) +te'^ml 



1 



where the sum runs over (mi, "023) G Z^\(0,0,0). We first split 

=E(°) +E« 



(B.l) 



(B.2) 



where the first term is the contribution with = (and therefore (mi, 7/12) G 
Z^\(0,0)) and the second term is the one with 7^ 0. The first term is propor- 
tional to the standard SL{2,Z) Eisenstein series ( p.29| ). 



£;(o) 



-s/3 



2C(2s)r| + 2y^T. 



,_^T{s- 1/2) 



T(s) 



a2s - 1) 



2tt't' 



(27r)i/2-«r(s) 



\mif'' ^/C^_i/2 (27rr2|mim2|)e 



2TTirhim2Ti 



mi 7^0 m2 7^0 



(B.3) 



The last term in the bracket corresponds to the Abelian Fourier coefficient with (p, q) = 
(0,mim2), corresponding to D(-l)-instantons, while the first two terms reproduce the 
first two constant terms on the first line of ([A .81) . 
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In the second term of (p.2| ), the sum over (mi, 1712) runs over without restriction: 
thus we may perform a Poisson resummation over (mi,m2) by using the standard 
integral representation of the summand (see e.g. ||58|), 

= ^ r (B.4) 
T(s) Jo u^+^ ^ ' 



After Poisson resummation we then obtain 
'Vie't'/^ V- >^ r du 



V[s) Jo It 



mi,m2 



(B.5) 



27r^(te'^)2 |_ |2(l-s) -27riCm2m3+i7rmim3(<7+CC) 

(27r)-ir(s) ^ 



(B.7) 



e'^^mg — 27ri ( C^2^3 mim3(o" + CC) 

w V 2 

The term with (mi, 7712) = (0,0) leads to a Gamma-type integral, 

r(s) 

while the one with (mi, 7722) 7^ (0,0) leads to a Bessel function: 
^(2) ^ 27r-(te'^)i- A ' 

('97rV-lr(s) ^ ^ 

^ ' rhi,m,2 »Ti3 

/Ci_, (^27ie^/^\m3 \\le^ml + t^ (m2 - C^i) 
or, in a manifestly SL{2, Z)-invariant form, 

(B.8) 

The term with mi = is an Abelian Fourier coefficient with {p, q) = [1712171^, 0), corre- 
sponding to D5-brane instantons: 

E^'^ = E E |m3p(^-^)e-2-^-™3 jc^_^ {2ne'^/H'/'\m2ms\) . (B.9) 

^ ^ m2 "13 

The general term with mi 7^ can be recast as ( |3.39| ), by identifying 

mims = —k , m2m3 = —km , m G Z + - — - , (B.IO) 

\k\ 

KAO = kd'^'-A (2vr|fc|e^/^v/^^TC^) . (B.ll) 



.d\\k\ 
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Dual expansion 

Alternatively, one may arrive at the non-Abelian Fourier expansion ( |3.36| ) by returning 
to ( [B.l| ), extracting the term with m2 = = and performing a Poisson resummation 
over the single variable mi: 



e^m^ 

^ (B.12) 



("^2 + C^^a) - ^e'^'ml + 27rimi (^m2 - ^(cr - CC)"^3^ 

For nil = 0, one may similarly extract the term with ma = 0, Poisson resum over m2 
and extract the term m2 = 0, to get 

3_ / / (B.13) 

The last term is the Abelian Fourier coefficient with {p,q) = (m2m3,0), identical to 

( |B.9D , corresponding to D5-instantons. For mi 7^ 0, the integral over u is of Bessel 
type, leading to 

mi m2,m3 



For m3 = 0, this reduces to the Abelian Fourier coefficient {p,q) = (0,mim2), corre- 
sponding to D(-l)-instantons, identical to the last term in (p.3| ), 

mi m2 

For the general term with mi 7^ and 7^ 0, identifying 

fhim^ = k , mim2 = — /cn , n G Z + — , (B.16) 
we recognize the non-Abelian Fourier coefficient ( p.36|) with 

^m(C) = (^E^'^'j (2.)i/^-T(.)t- ^-^/^ (2.r|A:|e^/Ve^ + t-3e) . (B.17) 
Thus, we have reproduced the non-Abelian Fourier coefficients summarized in (|3.41|) . 
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C. Asymptotic expansion of the integral T 

In this appendix, we discuss the properties of an integral which is a key ingredient for 
the Fourier expansion, as it enters the coefficients (|3.52|) and ( p.59|) : 



X,,,,,(/?,x) = ^ ir,3_i/2(27ri?x-iv^rT^) ir,3_i/2(27ri?xi/Vl + l/ 
First, we note the functional equation 



X 

(C.l) 



X ] X 2 

X 



which, at the origin of moduli space r2 = = 1, amounts to exchanging {p, q) in ( p.53| ). 

In order to find the semi-classical interpretation of the Fourier coefficients, we shall 
be interested in the limit i? — oo keeping x fixed. In this regime, the integral ( |C1D 
can be evaluated in the saddle point approximation. For large argument, the Bessel 
function may be approximated by 

Ks{x) ~ y^e- + + 0{l/x^)^ . (C.3) 

To leading order, the integral then simplifies to 

/-oo e-27rS(x) 



T.„.,(/?,x) ~ -- / j== dx , (C.4) 

where S{x) is given by 

^(x) =i? (x-iyrT^ + x^/2 A + - ) . (C.5) 



X 



The exponent is extremized at x = x, with 



The saddle point approximation is then 



X 2 

Is,,S2{R,^) 



4/?vr+x 



^2-^1 + 1 



X 2 



exp (-27rS(x)) (^1 + ^ + 0{1/R^ 
exp ^ ' 1 + 1^ + 0{l/R 



x/6i?3/2(i + x)V4 ^ V X ) \ R 



?2^ 



(C.7) 
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The subleading term Ji can be computed by exponentiating the prefactor 



14 



1 



S{x) = S{x) - log x^--^/VTT^ (C.8) 
zvr L J 

and expanding around the perturbed saddle point, 

X = X - ^""r^—- (3 + 5x + 2(1 + x)(si -S2)) + ^Sx . (C.9) 
67ri?V 1 + X ii^ 

We find 

~ ~ 3(5x^ 5x^(7x + 5) 

^""^ ^ Sx^v/^TTI " 16 (x3(x + If/^^/tj ^ 1287ri?x4(x + 1)^/2 

X (tt^x^ (59x2 _^ _^ ^ 4^2^^ _^ l)3/2(2si(5x + 3) - 2s2(5x + 3) + 25x + 9)) + . . . 

(C.IO) 

Expanding the non-Gaussian piece and performing the Gaussian integration term by 
term, we find that the leading quantum correction is given by 

2048xS(x + 1)^/2 / 81(2si(5x + 3) - 2s2(5x + 3) + 25x + 9) 
h — - 



2 1 877ri? V 128x4(x + l)3 

27(59x2 + 85x + 35) ^ 15(7x + 5)2^ ^ ' ' 



16x2(x + 1)7/2 (x+l)3 

D. Non-Abelian Fourier expansions and representation theory 

In this appendix we take a representation theoretic viewpoint on the non-Abelian 
Fourier expansions discussed in Section |3.4| . The starting point is that, on the non- 
Abelian Fourier expansion ( p.36| ), the Heisenberg algebra acts as 

Ep = -2'Kikn , Eg = -dn , E = -2'nik , (D.l) 

while on the dual Fourier expansion (|3.39| ), 

Ep = dm , Eq = 2mkm , E = 2'Kik . (D.2) 

More generally, when 0; cr) is an automorphic form for S'L(3,Z), the non- 
Abelian expansions (|3.36| ) and (|3.39| ) correspond to two different choices of polarization 
in writing \l/ as a matrix element ( p.8|) , where either {Ep,E) or {Eq,E) have been 
diagonalized. Note that with the exception of the minimal representation, {Ep, E) 
do not form a complete basis of commuting operators, which is responsible for the 
appearance of additional quantum numbers such as q in (p.59|). 



*Note that the subleading term in the Bessel function does not contribute at this order. 
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D.l Minimal Eisenstein series 

Using this observation, it is easy to see that the non-Abelian Fourier expansion of 
the minimal Eisenstein series ( p.9| ) in the polarization ( |3.39| ) can be written as an 
inner product (|3.8|) of a G(Z) invariant vector fz with the transformed spherical vector 
p{g^^)fK, where p acts on functions of two variables y = 27rA; and xq = li^km via 

Ep ydxQ ) Fp xoOy , 

Eg = ixo , Fq = -i(xo9^o + ydy + (3 - 2s))(9^.o 

E = iy, F= -i{xodx^^ + ydy + {3 - 2s))dy 

Hp = xod^g - ydy , Hq = -2xo5^o " V^y " (3 - 2s) , 
and the spherical vector fx and the Gz invariant distribution are given by 



fx = fCi^s [sjy"^ + , fz = H2-2s{y, xo) . (D.4) 

Similarly, the non-Abelian Fourier expansion in the polarization ( |3.3ti| ) can be writ- 
ten as ( p.8|) where p is now the representation on functions of two variables y = —2'Kk 
and Xq = —2TTkn, 

Ep = ixo , Fp = -i(xo<9^o + V^^y + '^8)8^^ 

Eg = -ydx, , Eg = xody , 

(D.5) 

E = iy, F = -i(a;o<9^o + V^y + '2s)dy 

Hg = xo<9xo - ydy , Hp = -2xo<9xo - ydy - 2s , 

obtained from the previous one by Fourier transform over y and Xq. The spherical 
vector is now 

fx = /C^_i (^a/z/^ + , fz = P2s-i{y,Xo) , (D.6) 

in agreement with '$k,e in ( p.41j ). The spherical vector fx in a representation where 
the Heisenberg algebra takes the canonical form ( p.35| ) or ( p.34| ) is sometimes called 
the "generalized Whittaker vector" in the mathematics literature. 

D.2 Principal Eisenstein series 

The generalized Eisenstein series ( |3.12| ) is attached to the general continuous represen- 
tation 

Eg = -d^ + wdy , Eg = -x'^d^ - vd.^ + 2six, 

Ep = dw , Ep = w^dw + vwdy — {v + xw)dx + 2s2 w , 

E = , F = v'^dv + vwdw + x{v + xw)dx + 2(si + S2)v — (1 — 2si)xw , 
Hg = 2xdx + vdy — wdw + 2si , Hp = —xdx + vd^ + 2wdw + 2s2 
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with spherical vector 

= [1 + + (t; + xwf] [l + v^ + w^] . (D.7) 

Equivalently, it can be written in such a way that the Heisenberg generators are repre- 
sented as in (|3.35| ), and the SL{2,Z) action acts hnearly on {y,xo): 

Ep = yd^o , Eg = ixo, E = iy , Fp = -xody + i^ , 



Hp = xod^Q - ydy , Hq = -2xQd^^ - ydy - xidn,^ + 2(2si + S2 - 3) , 
Fq = -i(xo9,o + ydy + x^d,, + 2)9,0 + (4 - 4si - 2^2) (^^.l - i-^o 



(D.8) 



^(3si - 2)(6.i + 6.2 - 7) + 



and F = [Fp,Fq]. For (si,S2) = 0, this reproduces the representation obtained in 
36| by restricting the minimal representation of E^ constructed in to singlets of 



the first two factors in the maximal subgroup SL{3) x SL{3) x SL{3) C Eq. For 
{31,82) = (2/3,2/3) one recovers instead the minimal representation of G2 considered 
in [0,0. 

We can now frame the non-Abelian Fourier expansion in the general framework 
(|3.8|) , and determine the real spherical vector for the principal series away from the 
semi-classical limit. For this purpose, we change of variables to 

y = -k, Xo=p, Xi = (rf2g)l/3 ^ (13,9) 

and work at the origin of moduh space where ri = 0, r2 = = 1, such that 

d'^ y'^ ~\~ x'^ 

= „2 I ^2 ' R<i,q = Xi , Xd,g = ° . (D.IO) 

y -\- Xq Xi 
Moreover, the phase factor in the non-Abelian term of (|3.59|) becomes 



We can therefore write the non-Abelian part of the expansion at the origin of moduli 
space as the overlap 

ENAi'i-] si, S2) = ^ fziy,xo,xi) fKiy,xo,xi) + . . . (D-12) 
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where the real spherical vector is given by 



0^1 



X 



S3- 



2 + X, 







X 



the summation measure (or "adelic spherical vector") is 



76 e(2si)e(2s2)e(2s3) 



EE 



1-2S3^1-2S2 



C"l-2si,l-2s3 



d 



X 

(D.13) 



(ii(i2 d"^ 



(D.14) 

and the ellipses stand for degenerate contributions with support at y = 0. In ( p. 141 ), 
we recall that d = gcd{y,xo), and that fz{y, xo,xi) vanishes unless d"^ divides xf. We 
note that the real and p-adic spherical vectors for the principal series of SL (n, M) for 
any n have been obtained in ||8ll , ^ ^ . It would be interesting to see how ( P.14|) 
emerges as a product of the p-adic spherical vectors over all primes. 

The spherical vector simplifies considerably in the limit where y,XQ,Xi are scaled 
to infinity with fixed ratio: in this case the saddle point approximation ( |C.7| ) becomes 



I{y, xo,xi] 



(y2 + xl) 



X 



S1 — S2 — 2 



{y^ + xl + xjy/^ 
and the spherical vector simplifies to 



exp 



2n{y^ + x^Q + xi 
y'^ + xl 



2N3/2 



X 



4si+2s2-5 
1 



{y^ + xl + xiy/^ 



exp 



27r(?/2 + xl + xlf/"^ 2mxQxl 



(D.15) 



(D.16) 



y'^ + xl y{.y'^ + xl)_ 

As a consistency check, we note that in the special case (si, S2) = (0, 0) (i.e. (A23, A21) = 
(1,1)), this result agrees with the semi-classical spherical vector of the principal series 
representation of S'L(3,M) obtained by restricting the minimal representation of Eq 
singlets of the first two factors in the maximal subgroup SL{3) x SL{3) x SL{3) C Eq. 
[§B| 

Moreover, we note that ( p.l6| ) is in fact a special case of the general formula for 
the spherical vector (or lowest K-type) of the minimal representation of any group G 
viewed quasiconformal group G = QConf(J) |^45|| , 



K 



exp 



+i 



y'^ + xli 1 



Qy{y'^ + xl) 



(x-f , 1 (KabcX'x'f 



+ 



+ 



/ n h r\2\ ^/^ 



y^ + xl 12 (y2 + xlY 22 . 32 (2/2 + x2)3 



(D.17) 
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Indeed, (P.17|) reduces to ( P.16|) in the one-modulus case with Km = 6, corresponding 
to G = ^2(2)- This is in accord with the fact that the minimal representation of ^2(2) 
is an irreducible representation of 5/7(3, M) C ^2(2) in the non-spherical supplementary 
series (see discussion in Section 3.6). Note that the exact lowest K-type of the minimal 
representation of G2 was found in [^, Eq. (3.119): it would be interesting to see if 
the integral in ( p.l3| ) can be similarly evaluated in closed form. Moreover, the exact 
spherical vector of the minimal representation of any simply-laced group G in its split 
form was found in [^. It would be interesting to see what representation of 5*1/(3, Z) 
is obtained in the G5 = Stro(J) invariant sector, and see how (P.13| ) is reproduced. 

We conclude with a comment on the "Abelian limit" y —>■ , which is needed to 
properly extract the Abelian Fourier coefficients "^p^g in ( p. 521) . As already discussed 



in (p.70|) , the phase factor in fx is singular, but so is the measure fz, and the two 
singularities cancel. Thus, we may define /(0,xo,a;i) as the y ^ limit of f{y, xo,xi) 



after removing the singular phase |80 





27rixoa;f 


^exp 


_y{y^ + xl)_ 



f{y, xo,xi 



(D.I8) 



and perform the opposite operation for the dual vector. In particular, the spherical 
vector ( p.l3| ) reduces in this limit to 



/k(0,Xo,Xi) = Xq' X 



2-1 3{si+S2-l) 



X 



K. 



2tixI 



Xn 



Vl + x)K i[2ttxo^/1 + l/x)x~ 



,,dx (D-19) 



X 
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